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Abstract





collisions are reviewed. Based on an analysis of on-shell W-pairs,
it is shown that the mere inclusion of leading O() corrections|such
as initial-state radiation, eects from the universal quantities  and
r, and the Coulomb singularity|cannot be expected to approximate




!WW! 4f to better than
1-2% for LEP2 energies. The importance of the gauge-invariance prob-
lem, arising from the introduction of nite decay widths, is discussed.
The simplest consistent method to include O() corrections at least
to the doubly resonant contributions, viz. a pole expansion around the
double resonance, is also briey described.
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1 Introduction





WW ! 4f at center-of-mass (CMS) energies between 161GeV and
roughly 200GeV. Future experiments at the next linear collider
(NLC), which is planned for CMS energies of 0.5-2 TeV, will be able
to explore higher energies.
The most prominent goal to be reached via W-pair production at
LEP2 is a precise determination of the W-boson mass M
W
. A reduc-
tion of the present experimental uncertainty of M
W
= 125MeV [1]
by a factor of 3-4 is aimed at. The most promising methods for the
extraction of M
W
from the data are the investigation of the total
cross-section near threshold and the reconstruction of M
W
from the
W-decay products, as extensively discussed in Ref. [2]. For the rst
method the total cross-section at
p
s = 161GeV, where the maximal
sensitivity to M
W
is reached, has to be known with an theoretical
accuracy of 1-2% (half of the expected statistical error). The direct
reconstruction relies on the invariant-mass distribution of the decay
products which is strongly inuenced by eects of initial-state radi-
ation. Consequently, the inclusion of radiative corrections (RCs) in
theoretical predictions is indispensable for both methods.




! WW is the in-
vestigation of the triple-gauge-boson couplings. Although the non-
abelian self-couplings of the Standard Model could be indirectly con-
rmed by the LEP1 observables and the W-boson mass via radia-
tive corrections [3], only rather crude experimental bounds on the
general (anomalous) structure of bosonic self-couplings exist, which









-process, where non-abelian self-couplings enter already
lowest-order predictions, the sensitivity of the total cross-section to
anomalous couplings at LEP2 energies is too weak to yield stringent
bounds, and one is forced to inspect the angular distributions of the
produced W bosons (see e.g. Ref. [4]). Since also RCs distort angular
distributions, these mimic anomalous couplings and therefore have to
be extracted. At NLC energies much more drastic eects of anomalous
couplings can arise, but also RCs become more important.
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The above considerations underline the importance of RCs to W-
pair production, which are the subject of this short review. More
detailed reviews can be found in Refs. [5, 6]. Following two steps of
sophistication, we consider on-shell W-pairs in Sect. 2 before dealing
with the complete four-fermion production process in Sect. 3. Sec-
tion 4 contains our conclusions.
2 On-shell W-pair production
2.1 Born cross-section


































denote the momenta and helicities of the
respective particles. The Mandelstam variables are dened by
s = 4E
2





(1   cos ); (2)





















































where  =  is used as a shorthand for the electron helicity, which




































whenever possible. We calculate in the on-shell scheme where the



















for the t- and s-channel
graphs, respectively, contain the spinors and polarization vectors and
depend on s, t, , and 

.
Near threshold ( ! 0) the s-channel contribution is suppressed
































































The presence of gauge cancellations between t- and s-channel contri-
butions is necessary to guarantee unitarity for longitudinally polar-







However, there is of course no high-energy relation between the con-
tributions originating from the dierent gauge couplings, which lead

































the \electromagnetic part" with the coupling e.
2.2 Radiative corrections











the virtual one-loop correction 
V
, the real soft-photonic correction

S
, and the hard bremsstrahlung correction 
H
. Both the complete
virtual [7] and real [8] corrections were calculated by dierent groups.
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The lowest-order andO()-corrected total cross-sections are shown
in Fig. 2, where here and in the following 
B





, and the input parameters are taken from Ref. [6]. The size
of the relative RCs , which is also depicted in Fig. 2, is at the order
of 5-10% for LEP2 energies. The large negative amount of  near
threshold indicates the necessity of soft-photon exponentiation in this
region. For NLC energies the RCs are at the order of 20%, but we note
that the RCs are further enhanced if the forward direction is excluded
by an angular cut.
Concerning RCs the dierences between W-pair and fermion-pair
production at LEP2 and LEP1, respectively, are characterized by two
features: Firstly, there is no simple eective Born approximation for
W-pair production, and thus the RCs cannot be absorbed into eec-
tive couplings. Secondly, there is no gauge-invariant, unambiguous
splitting between QED and genuinely weak corrections for W pairs.
Moreover, the analytical structure of the RCs is involved resulting in
long and rather slow computer codes.
A rst step towards a successful approximation of the RCs is to
control the leading corrections, which are of the following origin:
(i) Initial-state radiation:
Collinear initial-state radiation (ISR) o the incoming electrons










n = 1; 2; : : :. The leading logarithms are universal and can be















i.e. by a convolution of the lowest-order cross-section with a ux













































) (see Ref. [6] and ref-












































Figure 2: Born cross-section 
B
, O()-corrected cross-section (includ-
ing also leading higher-order eects via  and r)  = 
B
(1 + ),
and relative correction  for unpolarized particles. The improved Born
approximation (IBA) of (12) is also shown for two dierent choices of









> E) photons. The splitting scale Q
2
is not
determined in leading logarithmic approximation and thus ex-
presses part of the theoretical uncertainty owing to neglected
non-leading corrections. At LEP2 energies ISR corrections
amount to roughly 6%.
(ii) Running of the electromagnetic coupling (q
2
):
The denition of the ee coupling e in the low-energy limit
(Thomson scattering) leads to large universal corrections to pro-
cesses which involve energies at the electroweak scale. These









) for light fermions f ,
can be accounted for by introducing the running electromag-
netic coupling (q
2
), which replaces the ne-structure constant
(0) = e
2
=4 = 1=137:0 : : : as input parameter. In perturba-
tion theory (q
2
) is parametrized by (0) and the light fermion
masses m
f
where the quark masses are adjusted to reproduce
the hadronic vacuum polarization [10]. At LEP2 energies the
transition from (0) to (q
2
) corrects the cross-section by about
8%.
(iii) Coulomb singularity:
Near threshold the long range of the Coulomb interaction be-
tween slowly moving W bosons causes large universal correc-










The singular behavior of the relative correction at  ! 0 is a
peculiarity of the on-shell approximation, which assumes stable
W bosons. This singularity is regularized by a nite W decay
width, since the range of interaction is eectively truncated by
the W decay (see next section).
(iv) Eects from light or heavy masses:
In analogy to the long-range eect of the Coulomb interaction,
which is due to the exchange of massless photons, the exchange of
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a relatively light Higgs boson between slowly moving W bosons























but also more sophisticated approximations are known [11]. For
M
H
 60-300GeV this eect inuences the cross-section about




In the large-mass limit [12] for M
H
and the top-quark mass m
t











, where the m
2
t
correction only enters the isospin
part, as specied in (6). In the isospin part, which dominates
at low energies, all above-mentioned leading heavy-mass correc-
tions enter via the renormalization of s
W
, i.e. are identical to the
ones in the well-known quantity r, and thus can be absorbed















as input parameter, andM
W
is calculated from muon decay. The
heavy-mass correction to the electromagnetic part yield contri-
butions of about 0:1% at LEP2 energies and are thus negligible.
2.3 Approximations for radiative corrections
Taking into account the most important leading corrections, we arrive























































as proposed in Ref. [12]. Here the Coulomb correction is accompanied




, which switches this eect o for
 ! 1. Figure 2 shows the comparison of the exact O() correction 
(+ leading higher-order eects via  and r) to the total unpolarized
7
cross-section with the IBA for two dierent choices of the ISR splitting
scale Q
2
. We recall that the complete bremsstrahlung spectrum is
included in  in this gure. In Tab. 1 we further illustrate the quality
of the IBA (with Q
2
= s) by giving its deviation 
IBA
from  for
dierent scattering angles  using the soft-photon approximation, i.e.
excluding hard photons with E

> E but adding the exact E terms
of the soft-photon correction to the IBA. For LEP2 energies we read
o an accuracy of 1-2%. Although the IBA remains still valid within
<






, up energies of 2 TeV, the IBA
is not able to reproduce the angular distribution of the cross-section
in reasonable approximation for NLC energies.
In addition to the IBA Tab. 1 also shows a kind of form-factor

















The four form-factors F

I;Q
(s; t) have been extracted from the ex-
act one-loop result (which consists of twelve independent ones) by
inspecting the structure of the corrections to the dierent helicity
amplitudes
1
. Obviously (13) includes all leading and non-leading cor-
rections associated with the Born structure. The FFA is excellent
whenever the cross-section is sizable. More precisely, in general it ap-
proximates the O()-corrected cross-section within  0:1%, and even
at the per-cent level if the Born cross-section is suppressed. Although
this FFA demonstrates that the Born structure indeed dominates also
the one-loop RCs, its evaluation is practically as complicated as the
exact one-loop calculation, which limits its practical use.
For energies above 500GeV a relatively simple approximation of
the virtual and soft-photonic O() corrections exists [14] which was
constructed by a systematic asymptotic expansion for E M
W
. The
















= s; t; u and originate from vertex and box graphs. Depending on
the hierarchy of scales the heavy-mass eects in longitudinal W-boson










A similar form-factor approximation was proposed in Ref. [13], where the















) 3753:2 1:5 0:00 37
10

367:0 1:6 0:00 36
90

300:7 1:4 0:00 37
170






) 15591 1:3 0:03 12
10

3380 1:7 0:00 10
90

1001 1:0 0:05 12
170






) 17107 1:5 0:01 3:7
10

6463 1:8 0:00 2:3
90

812 1:4 0:02 4:7
170






) 4413:1 4:7  0:06  0:85
10

11604:4 1:9 0:00  0:67
90

75:4 10  0:29  0:05
170






) 1084:3 11 0:06 0:21
10

3292:3 3:9 0:00 1:1
90

16:7 23 0:08 0:54
170






) 267:57 22 0:12 0:17
10

823:35 9:7 0:02 0:64
90

4:03 39  0:16 0:34
170

0:09 46  2:3 5:4
Table 1: Unpolarized Born cross-section 
B
and dierences  (nor-
malized to 
B
) between various approximations and exact calculation





) denotes the angular interval for integrated cross-sections.
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) show up (in-





















). By construction the high-energy approximation
(HEA) asymptotically approaches the exact one-loop RCs, but al-
ready for energies of 500-1000GeV the deviation is only of the order
of 1% for small and intermediate scattering angles, as can be read o
from Tab. 1.
3 Four-fermion production
3.1 Born cross-section and its complications
The simplest extension of on-shell W-pair production to the o-shell









































of the \o-shell cross-section" 
eeWW





































as proposed in Ref. [15]. Here  
W















clearly obtains the narrow-width approximation. Obviously this ap-
proach does not lead to gauge-invariant results for two reasons: Firstly,














are taken into ac-
count, but only the doubly resonant ones which factorize into pro-
duction and decay. Secondly, the inclusion of nite-width eects goes
beyond a pure perturbative expansion and deserves particular care.
The rst problem can in principle be solved by taking into account















addition so-called \background diagrams" with only one or even no
resonant W boson. Figure 3 shows some typical topologies for such



















































)  3% relative to the doubly resonant contributions
































is the invariant mass of the cor-
responding fermion pair. However, in this context it should be men-
tioned that the inuence of the background diagrams can be enhanced
in certain regions of phase space such as for forward e

scattering. The
numerical evaluation of cross-sections including this background has
been performed by several authors using Monte-Carlo or semianalyti-
cal methods and is reviewed elsewhere [16] (see also Ref. [17]).
The second problem mentioned above is seen by inspecting the





































































, and N , respectively. Gauge invariance implies thatM does
not depend on the gauge-xing procedure of the perturbative calcu-
lation (usually quantied by a gauge parameter) and that M obeys
Ward identities which guarantee gauge cancellations and thus unitar-


























Fig. 4a) Fig. 4b)
Figure 4: Typical situations for gauge cancellations for a) jq
2
j  s





































[18]. However, these gauge-invariance-breaking terms can be further
enhanced in the presence of small scales or if gauge cancellations are
disturbed. Gauge cancellations are required for a well-behaved ma-







tional to the momentum q

of the gauge boson which directly couples
to this current. Figure 4 shows typical situations where gauge cancel-








in the photon propagator for forward electron scattering
(jq
2
j  s). Figure 4b) shows the production of an eectively longitu-










are necessary in order to guarantee uni-



























where the rst one expresses electromagnetic current conservation, and
the others imply the Goldstone-boson equivalence theorem, which re-
lates the amplitudes for Z andW bosons to the ones for their respective
would-be Goldstone bosons  and .
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In the literature several methods for the introduction of nite de-
cay widths in amplitudes were proposed which are discussed in view
of the above gauge-invariance issue elsewhere [19]. Here we just men-
tion the eld-theoretically most convincing approach of the so-called
fermion-loop scheme [20], which consists of the consequent inclusion
of all fermionic one-loop corrections (self-energy, vertex and box cor-
rections) to tree-level amplitudes using Dyson-resummed propagators.
This approach is manifestly gauge-parameter-independent, preserves
the crucial Ward identities (19), and introduces the complete nite-
width eects of unstable particles that decay exclusively into fermion
pairs, such as the weak gauge bosons Z and W.
3.2 Radiative corrections
Owing to its complexity a complete calculation of the O() RCs to
four-fermion production has not been presented yet, and hopefully is
not needed. So far only leading RCs have been included in theoretical
predictions.
For on-shell W-pair production we have seen in the last section





and Coulomb correction approximate the complete O()-corrected
cross-section within 1-2% at LEP2 energies. Therefore we expect that
this is also the typical theoretical uncertainty in the corresponding
leading-log improved predictions for four-fermion production, at least
in regions of phase space where the doubly resonant graphs are dom-
inant. In practice ISR is treated either using the structure-function
approach analogously to (8) or using parton-shower methods (see e.g.
Refs. [6, 17] for details). Moreover, the absorption of the leading weak
corrections arising from renormalization (, r) follows exactly the
same lines as in the on-shell case. However, the Coulomb correction
is considerably modied by nite-width eects [21]. The singular 
 1



































































The on-shell singularity is recovered by taking  
W















correction is screened if
the average velocity












maximal eect of  6% is reached at threshold, while this correction
still amounts to 2-3% for CMS energies around
p
s  175GeV.
The approximation of RCs that includes only the leading eects
described above is certainly not able to match the aimed experimental
1% accuracy. Therefore at least the O() corrections to the doubly
resonant contributions have to be taken into account. A rst step to-
wards this direction is reached if nite decay widths are introduced via
the fermion-loop scheme, as briey described in the previous subsec-
tion. In this approach the complete fermion-loop corrections of O()
are included which represent a substantial part of the complete O()
RCs. Although there is a natural generalization of the gauge-invariant
fermion-loop resummation to the complete (fermionic + bosonic) RCs
within the background-eld method [22], the general problem is not
yet under control. On the one hand, gauge invariance, which guar-
antees the Ward identities (19), requires the inclusion of all (doubly,
singly, and non-resonant) O() RCs; on the other hand, a gauge-
parameter dependence remains at the loop order that is incomplete,
e.g. in O(
2
) in a complete Dyson-resummed one-loop calculation.
This direction certainly deserves further investigations.
For a rst approach to include also bosonic O() RCs one can per-
form a pole expansion [23] about the double resonance and keep only
the doubly resonant terms, which are known to be gauge-independent.
Although the reliability of this approach near threshold is not clear,





175GeV is expected to







0:1%. Technically the pole-scheme

























Figure 5: Examples for non-factorizable photonic corrections.
This procedure considerably reduces the number of relevant diagrams
but includes the complete O() RCs to the on-shell production and
the subsequent decay of the W bosons. Additionally doubly resonant,
but non-factorizable diagrams contribute, which arise from photonic
initial-nal and nal-nal state interactions, as indicated in Fig. 5. It
turns out that only infrared photons are relevant for the doubly reso-
nant part. In a special kind of soft-photon approximation it was shown
in Ref. [24] that the doubly resonant virtual + soft-photonic O() con-
tributions to the total cross-section cancel. In the same approximation
this kind of correction was calculated in Ref. [25] for the dierential
cross-section, where non-vanishing corrections to the invariant-mass





!WW ! 4f in the pole scheme has not yet been presented
in the literature.
4 Conclusions




annihilation by placing the emphasis on O() RCs. The dominant
O() RCs are of universal origin, viz. collinear ISR, renormalization
eects due to  and r, and the Coulomb singularity near thresh-





! 4f and thus can be easily included in present-day Monte-
Carlo event generators. However, a comparison of these dominant
RCs with exact O() calculations for on-shell W-pair production re-
veals that for typical LEP2 energies one cannot expect to approximate
15




! 4f to better than 1-
2% by including only these leading eects. Thus, also non-leading
O() corrections have to be taken into account to match the aimed
experimental error of roughly 1% at LEP2.
The introduction of nite decay widths of resonating particles in
amplitudes is non-trivial owing to problems with gauge invariance.
At tree level a convincing solution exists for gauge-boson resonances,
however, the general problem requires further investigations. A rst




! WW ! 4f
can be obtained via a pole expansion about the double resonance and
keeping only the doubly resonant contributions. This procedure in-
cludes all O() RCs to the on-shell W-pair production and the W de-
cay, but also some non-factorizable photonic corrections arising from
initial-nal and nal-nal state interactions.
In this short review we could not consider nal-state interactions
which are associated with hadronization, such as color reconnection
and Bose-Einstein correlations, which both inuence the W-boson
mass determination at LEP2. For these eects we refer to the lit-
erature (see Ref. [2] and references therein).
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